A fundamental relationship that is the foundation for all radar is that a target's range is proportional to an echo delay time. The actual relationship requires knowledge of the velocity of propagation of the signal whose echo delay time is measured. A typical assumption for radar ranging is to use free-space velocity of propagation. However, atmospheric dielectric properties yield a measurably slower velocity of propagation that is a function of temperature, atmospheric pressure, and especially humidity. This results in range measurement errors. A simplified model is developed to estimate the error in range measurements for airborne ground-surveillance radars.
INTRODUCTION & BACKGROUND
A fundamental relationship that is the foundation for all radar is that a target's range is proportional to an echo delay time. The actual relationship requires knowledge of the velocity of propagation of the signal whose echo delay time is measured. In typical radar range measurements, a free-space velocity of propagation is often assumed. However, in the earth's atmosphere this yields errors. Not only is the actual velocity of propagation different from that of free-space, it is also non-constant with atmospheric conditions. This paper summarizes an earlier and more detailed report. 1 For a monostatic radar, the total delay is a two-way delay. Consequently, for a monostatic radar 
where path r = the path that the propagating signal takes, and c = the actual (presumed to be constant) velocity of propagation over the path.
We note that an important premise for this equation is that the velocity of propagation along the path is in fact constant. In radar, we frequently make the simple assumption that 
However, this is only strictly true in free space. It is problematic that our radars typically operate in the un-free atmosphere. The question is "How much does the atmosphere interfere with calculating the 'true range' from propagation delay?" The answer is "Somewhat.... It depends on how accurate you want to be." For example, a radar operating at 25 kft altitude, and at 25 km range, might calculate range with an error of about 5 m based on the simplistic rule. Maybe this is good enough, and maybe it isn't. We can make some general comments at this point.
• The velocity of propagation in the atmosphere is always slower than in free space. This means that objects are really 'closer' than they appear when using the simplistic rule.
• The velocity of propagation decreases as dry air density increases, and also decreases as humidity increases. 2, 3 These things in fact vary with altitude and other factors. As a consequence, calculated range errors ensue.
This discussion often falls under the topic of "Atmospheric Refraction", but more accurately is concerned with "Atmospheric Propagation". For the subsequent discussion we will assume perfect calibration of the radar, in that all internal time delays are precisely and accurately known and compensated, and time itself can be measured with negligible error.
ACCOUNTING FOR THE ATMOSPHERE
The following discussion addresses improvements to the accuracy and precision of range measurements; essentially when the simplistic rule isn't good enough. We will generally assume a geometric optics model for propagation. We will furthermore follow the analysis in a report by Robertshaw 4 prepared for the Joint STARS project. Accordingly, there are really three ranges to consider for this discussion. These are 
We observe that for a monostatic radar, the simplistic model is the calculation
We also note that generally the various ranges are related by true path radar r r r   ,
with strict equality holding only for free space. The difference between path r and radar r is strictly due to the slowed propagation velocity along that bent ray path. The difference between path r and true r is due to 'bending' of the ray path itself. What follows is an examination of these various ranges. We necessarily will make some assumptions that will allow us to engage this analysis, to wit 1. We shall assume a spherical earth. When a numerical earth radius is required, we will assume e R = 6378 km = nominal earth radius.
2. We will assume models(s) for atmospheric refractivity as detailed in an earlier report by this author. 5 3. As a basis for comparison, we will equate the ground range, defined as the arc length along a constant earth radius between target and aircraft nadir.
Geometric Range
The geometric range is defined to be 'truth', and does not depend on electromagnetic propagation, or any associated refraction. We define the geometry with the parameters 
These are illustrated in Figure 1 . These parameters are related via the following set of equations, derived using the Law of Cosines for planar surfaces. Furthermore, these may be solved for the true range as the following collection of equations, namely 
The arc length along the earth's surface (assumed to be at the target altitude) between nadir and the target, is given by
Combining all this yields the ability to calculate geometric 'slant range' from ground range as
Propagation Path Range
The propagation path range takes into consideration the bent ray path of propagation, due to atmospheric refraction. It does not consider effects of the speed of propagation otherwise. This range is independent of any time delays along the path. From the earlier report we identify the calculation of the propagation path range as the line integral
where the instantaneous angle's cosine is calculated from
Herein we identify the refraction index as   
The index of refraction in the atmosphere (where relative permeability is inconsequential) is related to the relative permittivity, or dielectric constant as
where r  = atmosphere relative dielectric constant.
These are generally a function of altitude. Bean and Thayer 6 offer a model of how refractivity changes with altitude. We write their segmented model's dependence of refractivity on altitude as 
Simpler approximations to this model are offered in the earlier report. Across the continental US, the parameter s N ranges from about 250 in dry air to about 400 in extremely humid air. It may be calculated from more conventional meteorological data, as is discussed in Appendix A of Reference [1] . 
Radar Range
The radar range is calculated as proportional to the time delay of the radar signal along the propagation path. The constant of proportionality is an assumed propagation velocity. We will make the common assumption that the reference velocity of propagation is that in free space. Recall that we identified the radar range as
Since the refractivity is a function of altitude, the actual velocity of propagation is also a function of altitude. Consequently, the time it takes the radar wavefront to propagate a fixed differential distance also is a function of altitude. Consequently, the round-trip echo delay time can be calculated as a weighted line integral
where  is a function of the index of refraction as previously given, and the velocity of propagation is also a function of the index of refraction as
Combining several of the previous equations yields
As before, we would like to start with ground range d instead of grazing angle g  , and therefrom calculate radar r .
A Comparison of Ranges
We note from the previous analysis, and especially the following plots, that the relative differences exhibit the characteristic 
That is, the effect of the 'bending' the propagation path is much smaller than the effect of 'slowing down' the propagation velocity. This is consistent with the literature, which suggests that we may typically assume as a practical matter that path true r r  .
We explore this some more in the following plots. Figure 2 shows the difference in path r and true r , for a continental US average surface refractivity of 313 N-units, for a rather dry surface refractivity of 250 N-units, and for a rather humid surface refractivity of 400 N-units. Figure 3 shows the difference in radar r and true r , for a continental US average surface refractivity of 313 N-units, for a rather dry surface refractivity of 250 N-units, and for a rather humid surface refractivity of 400 N-units.
Indeed, these plots show that for even somewhat extreme conditions (i.e. 200 km range, shallow grazing angles, humid atmosphere, etc.) the difference between propagation path range and true range is rarely greater than 1 m (5 ppm) or so, and is overwhelmed by the difference between radar range and true range.
Finding the True Range from the Radar Range
When all is said and done, the radar reports radar r , but we really want true r . So the task at hand is to begin with radar r and calculate true r from it, based on knowledge (either real or assumed) of the propagation characteristics. Using the foregoing analysis, we propose the following general outline for accomplishing this with maximum precision and accuracy. 
Effects of Unknown Refractivity
An important question is "What if we guess wrong on surface refractivity?" Clearly this should yield errors in our calculation of true range from the measured radar range. We refer the reader to Reference [1] and offer the simplistic heuristic rule-of-thumb that at 25 kft, a surface refractivity error of 25 N-units will account for approximately 10 ppm error. This would be roughly doubled at 5 kft.
MODEL APPROXIMATIONS AND SIMPLIFICATIONS
We now examine some simplifications to the numerical techniques of the first section.
Using Single Exponential Model for Refractivity
We propose a single exponential model for the refractivity as a function of altitude, instead of using the segmented Bean and Thayer model. Specifically, we will assume
where
We will presume that our interest is principally over an altitude range of 0 to 50 kft, so we might choose 
